PRI, Vol. 6 (January 1994); P. 44-51, 9 FIGS.

HILBERT TRANSFORM AND IMAGE SHARPENING TECHNIQUES AS A TOOL
OF INTERPRETING 3-D POTENTIAL FIELD (GRAVITY) DATA

A.M. Ushah*
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ABSTRACT INTRODUCTION

The paper presents an analytical and numerical This paper deals with the application of 2-D Hil-
study of two-dimensional (2-D) Hilbert transform bert transform, to problems associated with the inter-
method as applied to the three-dimensional (3-D) po- pretation of three dimensional potential field
tential field (gravity) data for interpretation and image (gravity) data, and image sharpening (as enhance-
sharpening. The relations of two-dimensional (2-D) ment tools).
Hilbert transform in time and frequency domains are The 2-D Hilbert transform expressions were de-
presented and a numerical algorithm package has been rived by Bose and Prabhu (1974) in several forms
developed. such as cotangent, sine and matrix forms whereas

Application of 2-D Hilbert transform in quantitative Nabighian (1984) used 2-D signum function.
interpretation of gravity anomalies due to multipris- A closed expression developed for the gravitational
matic bodies as well as their derivatives are inves- attraction of a prism was derived by Nagy (1966)
tigated and used to test the 2-D Hilbert transform which is valid for any point outside of or on the
technigue. The results achieved by using this relatively boundary of the prism, and this was later modified by
new technigue are excellent. Goodacre (1973). This expression is extended to

Image sharpening techniques of the second vertical multiprismatic bodies and simplified by Ushah
derivative of gravity effect due to multiprismatic bodies (1988).
are useful primarily as an enhancement tools for high- The discussion is extended to image sharpening of
lighting edges in an image. These techniques can be the second vertical derivative in the spatial and fre-
achieved either by differentiation or by highpass filter- quency domains by differentiation and by highpass
ing. filtering respectively. In the spatial domain, the the-

ory of the gradient approach is derived, which is most

* Petroleumn Research Centre, P.O. Box 6431, Tripoli, G.S.P.L.A.J. commonly used in image processing applications as
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an enhancement tool for edge detection. In frequency
domain, the ideal highpass filter, which attenuates the
low-frequency components without disturbing high-
frequency components in the Fourier, transform is
discussed.

THEORY OF HORIZONTAL AND VERTICAL
DERIVATIVES OF A 3-D POTENTIAL
FUNCTION AND 2-D HILBERT TRANSFORM

The 2-D Hilbert transform can be expressed in
several forms, such as cotangent, sine and matrix
forms (Bose and Prabhu, 1979). The 2-D Hilbert
transform operator in cotangent form (Fig. 1) is given
below as:

I T L. (1)
et (]
NN, N TNON, O

=ht,+ht,

ht(i, j)=

ex and ey are the unit vectors in the x and y
directions, and

Hy=—jp/(p*+q")"* and H,=—jg/( p*>+4g)"

If M is a 3-D potential function, then, the relation-
ship between the horizontal and vertical derivatives
of M and the 2-D Hilbert transform may be written
dSs:

FldM/dz]=H F[dM/dx]+ H,F[dM/dy] (3)

F[d®M/dz*] = H,F[d*M/dzdx] +
H,F[d*M/dz dy] (4)

where F is the Fourier transform, dM/dz is the
vertical derivative of M, dM/dx and dM/dy are the
horizontal derivatives of M, in x and y directions,
respectively, and d>M/dz? is the second vertical de-
rivative of M.

(-32,-32,0)

FIG. 1. Two dimensional Hilbert transform as obtained by using the cotangent form (equation 1).

where

2 T
L
NN, O'Ny?

J 2 L
1y =——cot—1i, ht,=
! NN, N, -

(i=0,1,2,..., N, —1)
(j=0,1,2,...N,—1)

In frequency domain, the 2-D Hilbert transform
can be expressed as (Nabighian, 1984):

H(p,q)=—jsgn(p,q)=H ex+Hsey ()
where

sgn( p, q)=[p/( p*+47)' ?Jex+ [g/( p* + )2 Jey
(j=(=1"3

It is worth mentioning at this point that the nu-
merical computation of equations (3) and (4) are
stable because both H, and H, are well behaving
operators with values not exceeding +1.

GRAVITATIONAL ATTRACTION OF
MULTIPRISMATIC BODIES

The expression for the gravitational attraction of
multiprismatic bodies at a point of observation x, y
and z can be written as:

N
Gt(x, y,2)=v 3, pbr,, +br,,+br,) (5)

=1

where Gt(x, y, z) is the vertical attraction of t prisms
at a point (x, y, z), p is the density of the prism, N is



46 Ushah

the number of the respective prism, and v is the
gravitational constant

x=uzly—wv:

F—wa

bry( =|||u arcsinh[v/2® +w?)1/?]

x—t|y—vy|=—w
x—uz|y—wzlz—wa
bry, =|||v arcsinh[u/v? +w?)/2]
X—hR|y—v|zZ—wy
bi"13=
x=uz|y—va|z—w3

—warctan[v/w(u? + v + w?)/2]

x—uy|p—vfz—w;

In equation (5), the terms in each bracket cor-
respond to a particular prism (Ushah, 1988),

SOME EXAMPLES OF GRAVITATIONAL
ATTRACTION OF MULTIPRISMATIC BODIES

The vertical component of the gravity field due to
five prismatic bodies Fig. 2 is obtained by using
equation 5. The horizontal sides of the Prism 1
extend 14 by 14 pixels and its center at (32, 32) pixel.

Prism 2 has 12 pixels length in x and y directions and
its center at (16, 48) pixels. Prism 3 has 2 units less
than Prism 2 in each horizontal dimension and its
center at (48, 16) pixel. Prism 4 and Prism 5 have
horizontal dimensions 8 by 8§ and 6 by 6 units and
their centers at (16, 16) and (48, 48) pixels, respective-
ly. The depths to the top of all the prisms in this
model is equal 2 units below the surface of observa-
tion. Figures 3 and 4 represent the first and second
vertical derivatives obtained by using equations 3 and
4 respectively, From these figures the boundaries of
the prisms in the model are very clear and can be
determined easily especially from the second vertical
derivative (Fig. 4).

Figures 5 and 6 are other examples which are
tested by increasing the depths of all the prisms to 5
units below the surface of observation.

IMAGE SHARPENING

In this section two methods of sharpening tech-
niques (Gonzales and Wintz, 1977) are discussed,
which can be considered as enhancement tools to
outline the boundary for the subsurface bodies. They
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FIG. 2. Example of theoretical gravity effect due to five prismatic bodies; the image displayed with 64 by 64 pixels. h; =2.0 for
all prisms.
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FIG. 3. First vertical derivative of the gravity effect obtained by using 2-D Hilbert transform.

nrones ""mmmmmmemmﬁwﬁaaunmmmmmm
O | GHmGGE s T R A P
O | EEOGLHE R SN D et eaey
: | S0BGE0ED J.:ummmammmmwmzzzuunm
(= R wTwrwwlws [ [N R L] HANR ARG
=} :mmmnr".m;;mmmm’mum&mmuna.ﬂ Jita]
ebwwlww(win w s PO ST SRS T TR T A T ]
SRENENLES NN R AR RS N L]
[l L e A e s R T e VI
PSR LA S TR A TR I P T T
nmzﬂmw!mﬁu"mxzn OO F MR NN SR HR T
D | RSN NR N0 00 60X XihRinmE
O | BIBIEREHRMARAIELE LA LK L L30T QIR0 0
¢ | MBI O A A 0 XA 6 05 UM R 0 08 0 O It
O] nauideigRnnNRo L+ - QX MR G N B ;
| RRMHRQNREHDEHO A+ +4 O XN B i i
ERNRRRIEHRD O+ -} O SRR E N e )
ENenRNNRRREEeA Loxat@niu e et gt [D5)
NI R ARG 0 H FTd - AL O ¥ O] DRQIME S i W B 3 ot
EMEHNRANEERIE X0 © OO OO X W REIE FI NN RN MRS M
- P SIEI E XK OB WA R R R R P
P - AR A ] SR ED SV STED IR LG L EY Lrd 0 0 08 0 05 0 B ) ]
7 | BAnRORadt ol RERDRRIUOOLNNERRRIRRRR ST 25
EOOLORYUASURRERRESANRILIND DO RSNE N0 L
= B e R T e T T A e T e e HENY [t
| EHODSD RS EHAN) A SNk M R KRS X 2 0L nﬂzg [rifsd
A ELISEM S IR ARETER N ) M A B W L B S v&évvwzv&bv [
1 RS R e A A F T S O O S R S Y 57 =Y
L e L T s R S S O R R ) DEN
] BRSO MR RN MENEN T LA AL LA LA S, i
o | ERaRaNcnoEbnEpidEelEeEERG o LALL LA XX S LE
(no | ERSNDNLICHHNEREIRERANRRSROR TG A AL LG nid
el B A s T I A S W C ) 18
— EuRONnCRNGNRENERANENENELE e ALLLLLL LA SN T
5 O BEnREeRGL R RR N RRESANERD R AAALLLL LR i
3 | BEASTAZETAL T CLADEY R 4P 1) 0 O 0 A R R T 23 +AAA+¢A*AA6§ 21
(as BODSCUOO N N RRER SN NN §¢ovvgvv@¢v =
[ gmnnnnuzmnnn&ﬁmﬁsammﬂﬁamnzx HRZZ zgnnzx =1
< 2RO EALNBRNHNAES NN W EE F T FENE ]
RASNDODIUSRANLNSRNREINCNIDORIRHRDOSHHEAD Fiis]
o uunm:nncnznuwmmmmﬂmmunnn&mmam&mﬁmmmaﬁmm 104
o | BlgDSzracootanRNERaDe 0 08 OV R R T IR (Fim R
. EﬂHHHﬂﬂ&RR9aﬁﬂﬁmEESEIJHJEP&&&%!HEEH!&E* FLNENESERD
PO N A e S e O T, I T WITENERRER S
o] RS P A 5 058 G o 2l L %:a [T
050 P 55 S 0 ) R 0 7 9 o 2 D 0 40 L e B S 1 REERRNRERE
nummﬂnmn&amﬂnx$+l+kuamammw&w&wﬁwﬂaﬂ£mﬁ A %Eﬂﬁm&ﬂmﬁﬁ
RYHRONERREEREED | | 435I 0090 N 5800 50 40 1 e b ) b X HECEENRRERAR
RRMME PR RRDEN +|+vxumwwwwm 19 9L 0 R 0 A HIRDEENRHEN
SREININ SRR D S 2 v&vzxn G SR R 0 B R R L A FASHZ QRPN R RN
o | B 51 4B HEES A MO MO anmnnmm&ahmma&masuﬂm LALLLL LT R ESnpER@nem
= ﬂmﬂuueunnanmunnmaﬂuaaﬂmmmmmmmmmﬂwmmmu&u MATL bbbl o7 X ORFENERRE
7 | pRranRisUnooRO NN RREEN S MMM NN NS F Y RREE FXZ RN Z X F RN SRaming
o | ARCRNGINZONNING MR BRI N0 HE KL 6 XN EF EEF A XN ARG
- HEpRnRSRacan R A P T SRR A s s T TR Tl ada e
41T [whw[wis Al T A g I T FHATEHRT B e e R T R I
[A[w[n]wiw[wiww et Pl A LA R T LU A [ T [ e o A AT TR TS W [ W[ w]A 4]
[alwywiwwtaa[alais il s TR A T A A MR T AR I b g s o et s T e w W[ w o
B E I G LT Iy a3 G M B B R e L B AL Y AR ED 2 S D ER AN [ e P i R 3 S TS Y E T 3
[Ein (win w[w W (R A P A e e T IR R I T T I L T [w [ [
LELUOCTOSRIN [ R RO e e e T e e e S v i s [
P I v | T fw [w P Pl L A DI I T nra Sy e R S LT N B R S D B AT R O G T S e 8
OEOO00O2S R0 [T A A A R A A T R F P e ek
o mmmunanczuummumm-mwanasununmnsummmuuﬂmﬂ!nﬂaEnwwuﬂﬂmweaﬁaumsanmmn
T T T T
:h'QD 10.00 ZD-DD SD.DU 40.0D 50.00 60.D0
Y-RX15 --->

FIG. 4. Second vertical derivative of the gravity effect obtained by using 2-D Hilbert transform (equation 4).
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FIG. 5. Example of theoretical gravity effect due to five prismatic bodies; the image displayed with 64 by 64 pixels.
hy(depth)=35.0 for all prisms.
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FIG. 6. Second vertical derivative of the gravity effect obtained by using 2-D Hilbert transform (equation 4).
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Hilbert Transform and Image Sharpening Techniques

are sharpening by differentiation and highpass filter-
ing.

Sharpening by Differentiation
The most commonly used method of differentiation

in image processing application is the gradient
(GLf(x, y)]), which can be expressed as:

df 27)1/2
dy

df2

= (©

GL/(x, y)]=mag[G]=

For a digital image, the derivatives in equation 6 are
approximated by differences. One typical approxi-
mation is given by the relation

GLS, ]=[[f(x p)— fx+ L WP+ S(x, ¥)—

flx, y+ 112142 (7a)

49

This formulation is more desirable for a computer
implementation of the gradient.

The disadvantage of equations 6 and 7 is that all
smooth regions in f(x, y) appear dark in G[ f(x, y)]
because of the relatively small values of the gradient
in these regions. One solution to this problem is to
form a new function g(x, y) as follows:

it GLf(x, W]=T

otherwise

GLSx y)]

fx ) ®)

glx, )=

where T is a nonnegative threshold. By selecting
suitable value for T, it is possible to emphasize
significant edges without obsecuring the characteristi-
cs of the smooth backgrounds.

Finally, if only the location of edges is of interest,
the relation becomes

LG i G[f(x,y)]=T

LB otherwise ©)

g(x, y)=

Similar results are obtained by using absolute values,

as follows: where LG and LB are specified gray levels for edges

and the background.
The properties of the gradient are relatively large

= flx+1, »)|+]f(x, y)— for the prominent edges in an image, and small values

GLf(x yI=If(x, »)

flx, y+1)| (7b) in regions that are fairly smooth, being zero only in
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FIG. 7. Example of image sharpening by differentiation of Fig. 4. Illustration of edge enhancement by gradient techniques
(equation 7b).
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Image sharpening achieved in the frequency domain by highpass filtering.
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regions with constant gray level. These properties are
illustrated in Figs. 7, 8 and 9. As shown in Fig. 7, the
gradient operation (equation 7b was used) reduces all
the constant white regions to zero (black), leaving only
the points associated with abrupt changes in gray level
(in this case the edge boundaries of the prisms).

Figure 8 is the result of using the gradient scheme
given by equation 9 with T=10, LG=32 and LB=1.
We notice that considerable amount of small seg-
ments appear in the resulting image, with the strong-
est intensities taking place around the border of the
prisms. This is an expected result since the magnitude
of the gradient is proportional to changes in gray
levels and should be more prominent in regions of an
image containing distinct edges.

Highpass Filtering

It is well known that an image can be blurred by
attenuating the high-frequency components. Since the
high-frequency components can be detected on the
edges and other abrupt changes in gray levels, there-
fore, image sharpening can be achieved in frequency
domain by a highpass filtering process which at-
tenuates the low frequency components without dis-
turbing high-frequency components.

Ideal Filter

The transfer lunction which satisfies the following
relation is called a two-dimensional ideal highpass
filter (IHPF);

0 if D(u,v)< Do

1 if D{i, v)> Do {1

H(u,v)= {
where Do is the cut-off distance measured from the
origin of the frequency plane, and D(u, v)=(u? + v*)'/2,

Figure 9 shows the sharpening in the image achieved
by applying THPF with Do=./10. The edges of the
prisms are predominant only in this image because the
low frequency components were severely attenuated.

CONCLUSION

The 2-D Hilbert transform can be considered as
one of the most important trasforms in image pro-
cessing for image enhancement.

The first and second vertical derivatives of the
gravity field caused by multiprismatic bodies can be
obtained by 2-D Hilbert transform technique. Such
techniques are used to locate the vertical projection
of the subsurface bodies.

The image sharpening of the second vertical de-
rivative obtained either by differentiation or highpass
filtering, can be used as an additional tool to locate
the boundary of the subsurface bodies.

The results indicate that the discussed techniques
are quite useful in isolating the anomalies in 3-D
potential field data.
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